Abstract. Under a nondegeneracy condition we classify the compact connected Kähler manifolds admitting pairs of h-projectively equivalent metrics. Any such manifold is biholomorphically equivalent to CP n and has integrable geodesic flow.
Introduction
In [5, 6, 8] , and [9] , pairs of Riemannian metrics whose Levi-Civita connections are mutually projectively equivalent were studied. It was proven, among other things, that under a nondegeneracy condition such Riemannian manifolds have integrable geodesic flows. More specifically, it was shown that these manifolds are Liouville manifolds in the sense of [1] . Also, from a single pair of projectively equivalent metrics, a hierarchy of such pairs was constructed; see e.g. [8] and the references therein. These results were generalized to metrics of arbitrary signature in [9] .
The holomorphic counterpart to this problem was studied in [10] . There were considered pairs of holomorphically projectively equivalent Kähler metrics (or simply, h-projectively equivalent metrics). By definition, two Kähler metrics g and g are h-projectively equivalent if their Levi-Civita connections ∇ and ∇ satisfy (1.1)
where φ is a one-form and J stands for the complex structure on the manifold (see [4] ). Equation (1.1) implies that any holomorphically planar curve with respect to one of the metrics is holomorphically planar also with respect to the other metric and vice versa; see for example [10, Introduction, Example (b) ], [4, 7] , for more details, as well as [11, 12] for related work. It was shown in [10] that under a nondegeneracy condition Kähler manifolds admitting pairs of h-projective equivalent metrics are Kähler-Liouville manifolds in the sense of [1] . As in the real case, there exists a hierarchy of such pairs of metrics. However, the metrics appearing in the hierarchy are no longer Kähler, but only Hermitian in general. They satisfy a modified version of (1.1):
Let M be a connected complex manifold of complex dimension n, and let g and g be two Kähler metrics on M which are mutually h-projectively equivalent. As stated in the Introduction, their Levi-Civita connections ∇ and ∇ satisfy
where J denotes the complex structure and φ is a one-form on M . Let A be the (1, 1)-type tensor field defined by
Then A is symmetric with respect to both g and g , and AJ = JA. Denote by A the C-linear map corresponding to A when tangent spaces are regarded as complex vector spaces by putting
be the eigenvalues of A at p ∈ M . Each h i is a continuous function on M , and it is smooth at the points p ∈ M where
Proposition 2.1. For any c ∈ R consider the function on the tangent bundle T M, 
c ∈ R, consists of Poisson commuting integrals of the geodesic flow of (M, g).
1
For the proof, see [10, Theorem 4, V] . Now, let us make the following assumption. 
Assumption 1. There is a point
Thus the geodesic flow of (M, g) is integrable with first integrals in F and h.
Proof. By definition, (M, g, F)
is a Kähler-Liouville manifold if the following conditions are satisfied (see [1, Part 2, Introduction] ).
(1) The Hamiltonian E of the geodesic flow belongs to F.
Clearly, (M, g, F) is a Kähler-Liouville manifold. Let M 0 be the set of all points p ∈ M where A has n distinct eigenvalues h 1 > · · · > h n , and let M 1 ⊆ M 0 consists of all points in M 0 , where dh i = 0 for any i.
The existence of such a frame follows from AJ = JA. Then
where V i and JV i are regarded as functions on the cotangent bundle. 2 As (2.4) holds also when c is a function on M we see that (2.6)
Using (2.6) and the Poisson commutativity of K 1 , . . . , K n , we obtain by a direct computation that 
. Now suppose that M is compact and connected. Let G be the transformation group of M generated by g = h + Jh. The group G is isomorphic to (C × ) n , and with this action M becomes a toric variety (see [1] , Section 4). Since the associated partially ordered set consists of one element, we have the following (cf.
[1], Section 7).
Corollary 2.3. As a toric variety, M is isomorphic to the complex projective space
Remark. As stated in [3] , some parts of [1] are incorrect unless an additional condition called properness is assumed. Note however that in the case where the associated partially ordered set consists of one element, the properness condition is automatically satisfied (see [3] for more details).
Fundamental invariants and classification
Let (M, g, g ) be a compact connected complex manifold supplied with a pair of h-projectively equivalent Kähler metrics g and g that satisfy Assumption 1. As shown in the previous section, (M, g, F) is a Kähler-Liouville manifold whose partially ordered set consists of one element, and therefore M is isomorphic to CP n as a toric variety. In this case, (M, g, F) is completely characterized by some invariants, several constants and a function on a circle (see [1, Section 7] ). Here we assign to any triple (M, g, g ) a set of invariants, called fundamental invariants, which is an enlargement of the set of invariants stated above, and we show that those invariants characterize the triple (M, g, g ) uniquely up to isomorphisms. Let (M, g, g ) and (N, s, s ) be two such triples.
2)) be associated to the triple (M, g, g ) and let h 1 , . . . , h n be as above. In view of (2.8), the functions h i here are the same as those appearing in [1, Proposition 1.12] and [1, Theorem 3.1], and where they were called fundamental functions. 4 Therefore, by [1, Theorem 4.10] we have
Define the positive numbers 
Denote by γ(t) (||γ(0)|| g = 1) a minimal length geodesic connecting q 1 with q 2 . Let l > 0 be the length of γ. (Notice that the points t = 0 and t = l are conjugate.) Consider the function 
. , c n }, l, h(t)). Consider the Kähler-Liouville manifolds (M, g, F) and (N, s, H), where
We have proved that (M, g, F) and (N, s, H) are Kähler-Liouville manifolds of type (A) whose associated partially ordered sets consist of one element. Proof. By [1] , Section 7, they are mutually isomorphic if and only if the corresponding elements ({c k },d,l,h) ∈ C n are mutually equivalent (see [1, p. 134] for the set C n and the equivalence). (N, s, s ) by attaching the hatˆto the corresponding symbols for (M, g, g ), e.g.,ĥ k ,ĥ k ,L k , etc. Using that the invariants ({c k },d,l,h) and   ({ĉ k },d,l,ĥ) are not only mutually equivalent as elements of C n but even coincide, i.e.h(t) =ĥ(t),l =l, andd =d, one sees from the construction of Φ in [1, Theo- 
Hence, Φ maps the tensor field A to the corresponding tensor fieldÂ. Finally, in view of (2.1), Φ * s = g . This completes the proof of Theorem 3.3.
Local structure in the Hermitian case
Let M be an n-dimensional complex manifold, and g and g be two Hermitian metrics on it. Suppose that the corresponding Levi-Civita connections ∇ and ∇ satisfy relation (1.2) in the Introduction; that is,
where φ is a one-form on M , P is a (1, 1)-type tensor field on M which is nondegenerate and skew-symmetric with respect to both metrics g and g , and Q = −P −1 . Let J be the complex structure of M , and let A be as in the previous section, i.e., the (1, 1)-type tensor field defined by the formula (2.1). As P , Q, and J, are skew-symmetric with respect to both g and g we see from (2.1) that (4.1) P A = AP, QA = AQ, JA = AJ.
As in the previous section, we make the following assumption.
Assumption 2. There is a point
Let U be a neighborhood of p 0 such that Assumption 2 holds for any p ∈ U . Choose an orthonormal frame V 1 , . . . , V n , JV 1 , . . . , JV n on U so that D i , the subbundle of T U spanned by V i and JV i , is an eigenspace of A. Then we have
and
where 1 D i denotes the identity map on D i . As Q commutes with A,
where b i are some nonzero functions. In particular, Q and P commute with the complex structure J.
Proof. By [10, Lemma 2, II B],
Using (4.2) one obtains from (4.3) that g (∇ V j A)V i , V i = 0 for i = j. On the other hand, by differentiating the equality AV i = h i V i covariantly in the direction of V j , and by using that
In a similar way one gets dh i (JV j ) = 0.
Since dh i = 0 is assumed, we have dh i | D i = 0. Therefore there is a particular choice of V i so that
From now on we assume that the V i 's are chosen in this way. Put
Note that d p h 1 , ..., d p h n are linearly independent for any p ∈ U , and by Proposition 4.1 and (4.5), D − is completely integrable.
Lemma 4.2. For i = j,
Proof. Using (4.5) one obtains from (4.3) that
By formula (6) in [10, II B] , φ(X) = −
4 d(log det A)(X). This together with (4.8) shows that (∇
V j A)V i = 1 2 (V i h i )V j . On the other side, a covariant differentia- tion of the equality (A − h i )V i ≡ 0 in the direction of V i leads to (∇ V j A)V i = −(A − h i )∇ V j V i . Hence, −(A − h i )∇ V j V i = 1 2 (V i h i )V j ,
and therefore
In a similar way one obtains the other formulas of the lemma modulo D i . To prove the exact equalities, we note that ∇ JV j (JV i ) is orthogonal to JV i (cf. 
we see that (4.6) holds. In particular, ∇ JV i V j is a linear combination of JV j and JV i . Differentiating h i in the direction of (4.10)
Proposition 4.3.
(1) For i = j,
Proof. Item (1) is an immediate consequence of Lemma 4.2 and
for any Z from the orthonormal frame, we get
, where e jk = 0 for j = k. Using item (1) and the Jacobi identity for the Lie bracket of vector fields one obtains for i = j,
By comparing both sides of the last equality we see that c l = 0 and W i e jk = −e ji e ik for i = j. In particular, e ii = −W i log |e ji |, j = i. This together with (4.11) and (4.12) implies (2).
Corollary 4.4. The subbundle D
+ is completely integrable, and its integral manifolds are totally geodesic. of functions (w 1 , . . . , w n ) (w 1 , . . . , w n ) . For simplicity we will write ∂ i u instead of W i u.
Proof. Since by Lemma 4.2, ∇
V j V i ∈ D + (j = i), it is enough to show that ∇ V i V i ∈ D + . One has g(∇ V i V i , JV j ) = −g (V i , ∇ V i (JV j )). If i = j, the right-hand side vanishes by Lemma 4.2. If i = j, g (V i , ∇ V i (JV i )) = g(V i , [V i , JV i ]),
Proposition 4.5.
( 
To prove (2) , recall that ∂ j e ik = −e ij e jk (j = i), and hence
Using (4.13) and the explicit formulas for the e ik 's we see that, if n ≥ 3 and j = i, k,
The former formula shows that b i /b k depends only on (w i , w k ). Hence by the latter formula, (4.14)
If n = 2, by comparing both sides of ∂ j e ii = −e ij e ji , we conclude that (4.14) still holds. Hence, there are nonzero functionsb j (w j ) (1 ≤ j ≤ n) such that 
Hence (2) 
We have also
where e ij are as in the proof of Proposition 4.5. On the other side, a direct computation involving Proposition 4. 
5 Since (1/2)K n is the Hamiltonian of the geodesic flow, we also have L Y k g = 0.
Next we show that the local structure of M is completely characterized by Theorem 4.6.
Trivialization of the local structure: Let U be an open set of C n with coordinates {(z 1 , . . . , z n )}. Writing z i = x i + √ −1y i , we put
Then JX i = Y i , where J denotes the standard complex structure of C n . Suppose that U is of the form
Note that [X i ,X j ] = 0 for any i, j. Therefore, taking a reference point p 0 ∈ U 1 , we get a unique diffeomorphism Φ : U 1 → U 0 so that Φ(p 0 ) = 0 and Φ * (X i ) = X i for any i. Put Φ * (∂/∂w i ) = W i , and regard h i andb i as functions on U 0 via the diffeomorphism Φ. We define the functions K i on the cotangent bundle T * U by the formula
It follows from our construction that the vector fields Y k satisfy ( and assume that there exist 1 ≤ k, l ≤ n so that α k ≡ α l . Note that the latter assumption implies that the pairs of metrics obtained from h i andb i via the trivialization construction do not belong to the hierarchy obtained from a pair of h-projectively equivalent Kähler metrics. One sees from (4.20) that these pairs of metrics can be parametrized by 2n functional parameters.
Remark. As a matter of fact, arguing similarly, one can construct global examples of such pairs of metrics on CP n by modifying the examples considered in [2] , [10, VI] . In particular, there are many examples of pairs of Hermitian metrics (g, g ) on CP n satisfying (1.2) beyond the hierarchies.
